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Abstract. The interaction of ionospheric ions with
broadband electrostatic waves, propagating across the
geomagnetic field, is replete with interesting phenom-
ena in nonlinear dynamics. These nonlinear aspects of
wave-particle interactions are useful in understanding
observations and in providing an insight into the micro-
physics of the acceleration process which leads to the
transverse acceleration of ions by waves. In this paper a
coupled theoretical-computational analysis of the inter-
action of ionospheric ions with a transversely propagat-
ing spectrum of electrostatic waves is presented. The
importance of nonlinear processes in trying to under-
stand observations, such as from Topaz 3, is demon-
strated.
1. Introduction
In the upper auroral ionosphere and in the cleft re-
gion, electrostatic waves concomitant with transversely
accelerated ions are routinely observed. In some cases,
the acceleration of ions has been observationally at-
tributed to the presence of these waves [Kintner et al.,
1992, 1996; Vago et al., 1992]. In the attempt to the-
oretically understand the acceleration, it is common
to assume that the wave-particle interaction can be
described by a quasilinear diffusion process [Retterer
et al., 1986]. In this approach, only those ions inter-
act with the waves whose perpendicular (to the geo-
magnetic field) velocities are resonant with the phase
velocities of the waves. This may not necessarily be
the case, as is shown by Topaz 3 observations [Kint-
ner et al., 1992; Vago et al., 1992; Ram et al., 1998].
For the observed frequencies and wavelengths of the
transversely propagating electrostatic waves, the phase
velocities of the waves are much greater than the 0+
thermal velocity so that there is no quasilinear inter-
action between the waves and ions. However, obser-
vations show that the coherent electrostatic waves are
energizing the 0+ ions. In order to understand the
energization of 0+ ions we find that it is important to
consider the ion dynamics in the presence of a spectrum
of coherent waves. The random phase approximation
of the quasilinear theory is inadequate in explaining the
ion energization. The interaction of ions with a broad-
band spectrum of coherent electrostatic waves can be
significantly different than that given by a quasilinear
description. Low energy ambient ions, whose velocities
are well below the phase velocities of the waves, can
undergo nonlinear coherent energization [Ram et al.,
-1998] to observed energies if, in the case of high fre-
quency waves, the spectrum is broader than twice the
ion cyclotron frequency. The details of the interaction
of ions with high-frequency lower hybrid waves is pre-
sented. The usefulness of the nonlinear interactions in
the possible explanation of observations from Topaz 3,
showing ion energization in lower hybrid solitary struc-
tures [Kintner et al., 1992; Vago et al., 1992], is also
discussed. The nonlinear analysis presented here is ap-
plicable to transversely propagating electrostatic waves
above the ion cyclotron frequency. This analysis can be
easily extended to waves near or below the ion cyclotron
frequency. So the analytical formalism described herein
is powerful enough to encompass the interaction of low
energy ions with transversely propagating electrostatic
waves over a broad range of frequencies from below the
ion cyclotron frequency to well above the ion cyclotron
frequency. The extension of the formalism in this paper
to waves near or below the ion cyclotron frequency will
be presented elsewhere.
2. Modelling the Dynamics of Ions
The motion of an ion interacting with N coherent
plane electrostatic waves, propagating perpendicularly
(along i) to an ambient, uniform, magnetic field 1 =
Bo, is given by:
dx
dt V
dv N QE-
= -- 22X + i sin (ki - w it)
(1)
(2)
where x and v are the position and velocity, respec-
tively, of an ion of charge Q and mass M, Ei is the
electric field amplitude of the i-th plane wave with
wavenumber ki and angular frequency wi, and Q =
QBo/M is the ion cyclotron frequency. The Hamil-
tonian corresponding to equations (1) and (2) is:
i7(x, v, t) = v2 + 22) + E cos (kix - wit)
(3)
which can be expressed in terms of the normalized
action-angle variables of the unperturbed (Ei = 0 for
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all i) system:
N
H(,, I, r) = I+ Ej cos {kjv'2 sin (V) - vir}
N 0
= I+j. - J (k V57)
x cos (no -- vi-r) (4)
where we have replaced k /k, by ki, I = [(kix)2 +
(kiV/)2]-/2 = p2/2 and 0 = tan-' (xf/v) are the
normalized action and angle variables, respectively,
p is the normalized Larmor radius of the ion, ej =
QEjki/(MQ2), vi = w2/Q, and r = Qt. The action
I is a measure of the energy of an ion. For a singly
charged 0+ ion with an initial ambient energy of 0.34
eV, in a magnetic field B0 = 0.36 G, interacting with a
single wave of amplitude 100 mV/m, frequency 5 kHz,
and wavelength 2 m, I ~ 220.7, p ~ 21, c ~ 40.7, and
v ~ 146.2 where we have dropped the subscripts on e
and v. For a H+ ion with an energy of 0.34 eV, the cor-
responding values would be I ; 13.8, p ~ 5.3, c ~ 2.55,
and v ~ 9.1.
3. Dynamics of Ions Interacting With a Single
Electrostatic Wave
The interaction of ions with a single electrostatic
wave has been thoroughly analyzed [Karney et al., 1977;
Karney, 1978] and applied to the understanding of ion
energization by wave-particle interactions in space plas-
mas [Papadopoulos et al., 1980; Lysak, 1986]. It has
been found, in general, that an ion will gain energy
from a single wave only if its dynamics in phase space
becomes chaotic [Karney et al., 1977; Karney, 1978].
Otherwise, on the average, an ion will not gain any en-
ergy from the wave. Chaotic dynamics of ions occur if
the electric field amplitude exceeds a threshold value.
The normalized threshold amplitude is:
1 2/
Eth 2/3.V (5)4
For amplitudes above this threshold value, the chaotic
phase space of ions is bounded. The motion of an ion
becomes chaotic if its initial normalized Larmor radius
po lies within the following bounds:
< < /(2)'\' )2/3.
P"E 0 7 (4,). (6)
The limits given in (6) also give the range in Larmor ra-
dius over which the energization of ions can take place.
In other words, any ion whose initial energy lies any-
where in the range given by (6) will chaotically, or dif-
fusively, cover, over time, the entire range spanned by
(6). A distribution of initial 0+ ions started in the
chaotic phase space will, eventually, cover the entire
phase space uniformly. The final distribution of these
ions will be flattened out in the chaotic phase space.
Any ions outside this range of chaotic phase space will
not get energized by the wave.
For high frequency waves (v > 1), such as those ob-
served in the lower hybrid solitary structures, the left-
hand side of (6) can be approximated by v. This implies
that the lower bound, in velocity, of the chaotic phase
space corresponds to, approximately, the perpendicular
(to the geomagnetic field) phase velocity of the wave.
The reduction by VE/ of this lower bound is due to the
trapping of ions in the finite amplitude wave. Thus, in
order to energize the low energy ions by high frequency
waves, the perpendicular phase velocity of the wave has
to be near the thermal velocity of the ions.
It is useful to determine the threshold amplitudes
and the range of chaotic motion for parameters corre-
sponding to the observations of Topaz 3. If we consider
0+ ions in a magnetic field of 0.36 G interacting with an
electrostatic wave of frequency 5 kHz and wavelength 2
m, the threshold amplitude for chaotic motion from (5)
is E0 ~ 6.94 corresponding to a field amplitude of 17
mV/m. The amplitudes of the fields in the lower hybrid
solitary structures observed by Topaz 3 are well above
this threshold amplitude. Thus, part of the phase space
of 0+ ions will be chaotic. For an electric field ampli-
tude of 100 mV/m (e ~ 40.7), the 0+ chaotic domain,
given by (6), lies in the range
139.8 < pf 5 712.2 (7)
which in terms of actual energy units corresponds to
15.3 eV < E < 396.1 eV. (8)
The range of energies in (8) illustrates the problem as-
sociated with explaining the energization of 0+ ions
within lower hybrid solitary structures as observed by
Topaz 3 [Kintner et al., 1992; Vago et al., 1992; Ram
et al., 1998]. The ambient energy of 0+ ions in the
ionosphere in the altitude range of Topaz 3 observa-
tions is about 0.3 eV. The observed energies of 0+ ions
in the solitary structures are in the range of 6 eV to
10 eV. The observed range is below the lower bound of
the chaotic domain given in (8). The lower bound is at
about 50 times the ambient thermal energy and, conse-
quently, encompasses a negligible number of 0+ ions.
Even if it was possible to extend the lower bound of the
chaotic phase space into the 0+ thermal distribution
function, the energies that the 0+ ions could achieve
would be significantly larger than the observed energies.
It is important to note that, in order to determine the
region of chaotic phase space, we have picked optimum
parameters from the observed range. In particular, the
perpendicular phase velocity of the wave is the lowest
possible phase velocity that can be achieved consistent
with the observations. Then, from the left-hand side
of (6), it is evident that it would require a wave with
an amplitude enormously larger than observed for the
chaotic phase space to extend into the thermal part of
the 0+ distribution function. As a consequence the up-
per bound of the chaotic phase would go up to much
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higher energies. This whole picture then becomes com-
pletely inconsistent with observations.
The coherent wave spectrum, as observed by Topaz
3, is broadband in frequency and in wavelength. With
the failure of the single wave analysis to explain the
Topaz 3 observations of ion energization, it is evident
that we need to study the wave-particle interaction of
ions with a spectrum of electrostatic waves. The ques-
tion that needs to be answered is, can the dynamics
of ions be significantly different in a spectrum of waves
than in a single wave? In particular, can low energy ions
that are not energized by a single wave be accelerated
to higher energies by broadband electrostatic waves? In
trying to answer this question it is important to keep in
mind that the velocities of the 0+ ions that are ener-
gized are well below the lowest observed perpendicular
phase velocities of the high frequency waves. Before
embarking on a study of ion dynamics in a broad spec-
trum of electrostatic waves, it is useful to determine if
the interaction of ions with two waves leads to dynam-
ical phenomena that are different from those observed
for a single wave.
4. Dynamics of Ions Interacting With Two Elec-
trostatic Waves
The normalized equation of motion of an ion inter-
acting with two waves is:
+ x = ei sin (x - vir) + E2 sin (fx - v27) (9)
where n = k2 /k1 and kix -+ x. Numerical integra-
tion of (9) shows that, in general, the lower bound-
ary of the chaotic phase space of ion dynamics is given
by the left-hand side of (6) with v = min(vi, v2 ) and
E = max(ei, 62). Thus, for vi ~ v2 and el ~ C2 the lower
bound of the chaotic phase space is the same as in the
case of one wave. Since we are interested in energizing
the low energy 0+ ions with energies below the lower
bound of the chaotic phase space, we can study the dy-
namics of these ions using analytical techniques [Ram
et al., 1998; Binisti et al., 1998, 1998a]. Towards this
end, we have carried out a perturbation analysis of (9)
using the method of multiple time scales [Ram et al.,
1998] and the method of Lie transformations [Binisti
et al., 1998, 1998a]. Below, we illustrate the method of
multiple time scales and use it to determine the possi-
ble conditions for which the thermal 0+ ions can get
energized.
The perturbation parameter is assumed to be e with
el ~ e and E2 ~e. In the multiple time scale analysis
the dynamical variable x is expressed in terms of the
different time scales:
X = E fiX 2 (to,ti,t2,...,tn,...)
i=O
(10)
where tj = e r. Since we are assuming that (vi, V2) >>1, i.e., the wave frequencies are much greater than the
ion cyclotron frequency, to, being the shortest time scale
(corresponding to the highest frequency), will be the
time scale of temporal oscillations of the waves, and
t1 will be the next longer time scale corresponding to
the time for one complete gyro orbit of an ion. t 2 willbe the next (longer) order nonlinear time scale. In the
perturbation analysis we will assume that neither 2vi
nor 2v 2 are integers. (The extension to include these
cases into the perturbation analysis is straightforward
[Binisti et al., 1998, 1998a].) In terms of the multiple
time scales, the second order derivative in (9) is given
by:
d 2 a + 2e a + f2 2 a 2  + a2 +dr2 88 to -ti tot at2
(11)
To obtain the perturbation equation at each order of
e, (11) and (10) are substituted into (9). Also r is re-
placed by to in the right-hand side of (9) since the wave
frequencies are ordered to correspond to the shortest
time scale. The multiple time scale equations are then
obtained by expanding the right-hand side of (9) as a
Taylor series in xi for i = 1, 2,. .. , and equating terms
of the same order in e. Then to zeroth-order in e:
+ xo = 0.
To first-order in e:
__~ + X1
(12)
= -2 + -sin (xo - vito)
atiato f
+-2 sin (nxo - v2 to)f (13)
and to second order in e:
a2 X2 
a22 / 92 ) t+2 = - 2 a1xt - (2 + 52
0+ 8i to ( t2  tO
cosX CO(so - Vito)
f
+--2nX1 cos (nxo - V2tO)
f (14)
Note that el/e and 62/c are of order one. To determine
the leading order nonlinear effect on the ion orbit, we
need to do the multiple scale expansion to second order
in e. The solution to each order in e is determined by
removing the presence of any secular terms.
The solution to (12) is:
XO = P (ti, t2, . . .) sin {to + V (1, t2 ... )} . (15)
After substituting (15) in (13), the removal of all secular
terms requires that:
ap = 0, LO= 0.ato at,
Then the solution to (13) is:
xi = pi sin (to + 01) + XP
(16)
(17)
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where 4 is the particular solution:
- l-= sin {(l - Vto + v1 }+)
E2 E 1 J1 (Kp) 2sin {(l - v2 )to + li} .(18)
1= - ( - V2)2
Here p, and V are functions of (t 1 , t 2 ,...) while, from
(16), p and 7 are functions of (t 2 , t3 , ....
In the next and final step we substitute (15), (17),
and (18) in (14) and solve for X2 . Here we assume that
vi - v2 = N where N is any non-zero integer, and that
vi + v2 is not an integer. Then the removal of secular
terms gives:
These equations show that if e = 1, i.e., the amplitudes
of the two waves are the same, then the change in the
Larmor radius of the ion is independent of the ampli-
tudes of the waves. However, the rate of change of the
Larmor radius is proportional to the square of the am-
plitude. Upon substituting I = p2 /2 in (24) and (25),
we obtain, to second order in the amplitudes, a new
constant of the motion which is the Hamiltonian:
H (I, 0; -') = Si (I) + cos(N4')S 2 (I) (26)
where S, and S2 are given by:
1 0" j2 ( ) + 22 -N
. 3 (I) = I ( - 12_I-4 =-(1- o)
(27)0ot 0t 1
at - 0, a,= 0
Op _ E21Nsin (N) 0 JL(P)JI-N(K-P)
0t2 62 2p 1 - (I - Vi)2
av_ __ 1 1
at2 2 4,Fp T
(19)
(20)
"" E J (p) + C2JI-N('P)
E _ (1 - V)2
ElE2 1 i
C2 2p os (N )
J(P)J1-N(KP)]
S ( )2 -
(21)
The solution to X2 can then be written as:
X2 = p2 sin (to + 0 2 ) + X42 (22)
where x1 is the particular solution whose exact form is
not needed in the following discussion. Thus, to second
order in the wave amplitudes, the solution to (9) can
be expressed as:
x(-) = p(r) sin {r + )(r)} + epi sin (r7- + ) +
e2 P2 sin (r + 0 2 ) + 1 +E 2 4 (23)
where pi, P2, 01, and 02 are constants in time and
the particular solutions 4P and P are small oscillatory
terms. The evolutions of p and V), to second order in
the amplitudes, are given by (20) and (21), respectively,
where t 2 is replaced by E2 T. If we define r' = e2r and
= 2/e1, then (20) and (21) reduce to:
-p f ~ JI(P)J..I-(noP)
= - N sin (N -) c1.(l- p) (24)
Or' 2p 1 - (I - Vi)2
04' _ 1 0
r 4p ap
Cos
2p c
00j2 (p) + 22 N")I - ( P)]
SJ1(P)J1-N(r-P)(NO) ; [ 
_tly) 
-P =-00 l2
(
S 2 (I) = J / )J
The value of H is determined by the initial conditions
and remains a constant, to second order in the ampli-
tude, in time. It is important to note that this perturba-
tion analysis breaks down in the vicinity of the chaotic
phase space. We find that, below the lower bound of
the chaotic phase space, the analytical results are in
excellent agreement with the exact numerical solutions
obtained by integrating (9).
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Figure 1. H+ and H_ as a function of the normalized
Larmor radius p for vi = 40.3, V2 = 41.3, 9 = 1 and r. = 1.
The upper and lower bounds of H in (26) are given
by:
H± = S1(I) ± S2(I) (28)
which are independent of the phase 4. The zeros of
S2 (I), where H+ = H-, form barriers in the ion dy-
25) namics. If I,, and In+1 (In < In+,) are two consecutive
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H-
zeros of S2 (I), then an ion with its initial 1o such that
1n < Io < In+1 will always remain bounded between
these limits of I for all subsequent times. In Fig. 1
H+ and H_ are plotted as a function of p for the case
when the wave frequencies are separated by an ion cy-
clotron frequency. The first two zeros of S2(I) are at
1 = 0 and 12 ; 878.7 (corresponding to p ; 41.9).
Since H < H < H+ in this region and H is a con-
stant of the motion, we note that low energy ions can,
in principle, get energized to high energies.
In Fig. 2 we have plotted a magnified view of Fig.
1. This figure shows that there is a bump in H_ near
p P 37.8. The horizontal dashed line indicates the
height of this bump and corresponds to H ; 5.3 x 10-4.
From (6) the lower bound of the chaotic region is at
pt ; 38.1 for el = C2 = E = 4.9. This is marked by the
vertical dotted line and is slightly to the higher energy
side of the bump in H_. The perturbation analysis
breaks down in the vicinity of pl. From this figure
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single wave. Thus, from the analytical and numerical
analysis it is evident that an appropriate choice of pa-
rameters for the two waves can lead to the energization
of low energy ions whose energy would be unaffected
when interacting with one wave. The analytical analy-
sis shows that the essential criterion for the energization
is that the frequencies of the two waves be separated
by an integer multiple of the ion cyclotron frequency.
From a more detailed analysis of the Hamiltonian in
(26) we find that the low energy ions can undergo non-
linear coherent energization provided Iui - v2 = N with
N = 1, 2, or 3 and provided the higher frequency wave
has the shorter wavelength. Furthermore, the numer-
ical analysis shows, in agreement with the analytical
results, that the energization depends only on the ratio
E2/e1 and that the time for energization scales like E.
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Figure 2. A magnified view of Fig. 1
one can easily determine the dynamics of ions. For ex-
ample, it is evident that, since H is a constant of the
motion, an ion whose initial H is above the dashed line
will make it into the chaotic region, while the energy
of an ion, whose initial H is below the dashed line,
will oscillate in time. We have marked two such initial
conditions by a cross and a circle. Figure 3 shows the
dynamics of these two ions obtained by an exact nu-
merical integration of (9). The ions undergo nonlinear
coherent energization from their initially low energies
[Ram et al., 1998; Binisti et al., 1998]. The first ion
(marked by a cross in Fig. 2) eventually makes it into
the chaotic region where its motion is discernable by the
large variations in energy over short time scales. The
second ion exhibits temporal oscillations in its energy
just as anticipated from Fig. 2. It is worth noting that,
on the average, this ion has also gained energy from the
wave. This does not occur for ions interacting with a
1 2 3 4 5
5
x 10
Figure 3. p versus r for the two ions whose initial H's axe
marked by a cross and a circle in Fig. 2
5. Energization of 0+ Ions by a Coherent Broad-
band Spectrum of Electrostatic Waves
The results obtained in the previous section are use-
ful for determining some of the necessary conditions
for which low energy ions can be coherently energized
by a broadband spectrum of waves. The necessary
conditions for nonlinear coherent energization to take
place in a broadband spectrum have been discussed in
[Binisti et al., 1998]. From numerical simulations we
find that nonlinear coherent energization persists if the
frequency bandwidth of the spectrum is broader than
twice the ion cyclotron frequency and if the correlation
time of the spectrum is longer than twice the time of
a complete ion gyration. If the ions interact with a
spectrum of waves (composed of more than two waves)
which have completely random phases with respect to
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each other, then there is no nonlinear coherent energiza-
tion. In this case ions gain energy only if their motion
becomes chaotic. The lower bound of the chaotic phase
space is given by the left-hand side of (6) where v cor-
responds to the lowest frequency in the spectrum and e
corresponds to the highest amplitude in the spectrum.
Thus a completely random spectrum of high frequency
waves would be unable to explain the energization of
0+ ions as observed by Topaz 3.
We have numerically simulated the 0+ ion dynamics
in a spectrum of coherent waves for parameters corre-
sponding to those observed by Topaz 3 [Kintner et al.,
1992; Vago et al., 1992]. The spectrum, composed of
150 waves, is assumed to span a frequency range from
4.8 kHz (v ; 140) to 6.5 kHz (v ; 190). All the
waves are assumed to have the same wavelength of 2 m,
and the same amplitude of 25 mV/m. The root-mean
square electric field amplitude of this spectrum is 215
mV/m. Figure 4 is the numerical solution of (1) and
(2) showing the change in energy of an 0+ ion when
interacting with such a spectrum of waves. The initial
energy of the ion is 1 eV (po - 37.4). The ion under-
goes nonlinear coherent energization into the chaotic
phase space. The time taken to get energized to 6 eV
(p P 91) is rl - 2.6 x 104 which corresponds to 120 sec
(for Bo = 0.36 G). The time taken to get energized to
10 eV is about 160 sec.
'Ann
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Figure 4. The temporal evolution of the normalized Lax-
mor radius of an 0+ ion when interacting with a spectrum
of waves.
6. Conclusions
When interacting with a spectrum consisting of two
or more coherent waves, low energy ions can be nonlin-
early energized to high energies. These low energy ions
would be unaffected if they were interacting with any
single wave chosen from within this spectrum since the
transverse phase velocities of the waves are much larger
than the ion thermal velocity. For two waves the nonlin-
ear coherent energization of ions occurs if the waves are
separated in frequency by an integer (< 3) multiple of
the ion cyclotron frequency. In a broadband spectrum
of waves, nonlinear coherent energization of ions occurs
provided the frequency bandwidth is broader than twice
the ion cyclotron frequency and the correlation time of
the spectrum is longer than twice the ion gyration pe-
riod. The wave frequencies can range from a few to
several hundred times the ion cyclotron frequency. The
phenomenon of nonlinear coherent energization helps
explain the Topaz 3 observations of ion energization in
lower hybrid solitary structures.
The analytical analysis carried out in Section 4 can
be easily extended to two waves whose frequencies add
up to an integer multiple of the ion cyclotron frequency.
This in turn leads a new, second-order, invariant for the
ion motion which describes the energization of low en-
ergy ions. This is applicable to those regions of the iono-
sphere where the dominant electrostatic waves leading
to ion energization have frequencies below the ion cy-
clotron frequency. Such waves have been observed, for
instance, by Scifer [Kintner et al., 1996]. This will be
the subject of a future publication. Thus, we have a
unified theoretical description of the dynamics of ions
interacting with a broadband spectrum of electrostatic
waves propagating across the geomagnetic field. This
description is useful for understanding ion energization
by low frequency electrostatic waves in the pre-noon
cleft region [Kintner et al., 1996], and by high frequency
lower hybrid waves in the nighttime auroral regions
[Kintner et al., 1992; Vago et al., 1992].
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